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1. Introduction
The pure spinor formulation of superstrings [1] is a powerfull method to tame supercon-
formal exactness, the string loop expansion and RR-background σ-model couplings at the
same time.
In particular, let us remark that, although conjectured because of maximal supersym-
metry, the quantum exactness of type IIB string on AdS5×S
5 was proved in [2] by making
use of the pure spinor formulation.
Recently, the M-theory analog AdS4 × S
7 is receiving large attentions [3, 4] because
of its conjectured duality with the Bagger-Lambert-Gustavsson [5] theory of multiple M2-
branes. As a superstring theory, because of the circle fibration
S1 →֒ S7
↓
P
3
this is represented as type IIA superstring on AdS4 × CP
3 with appropriate RR-fluxes
turned on. This superstring background is undergoing an intense study [6 – 9], but its
exact superconformal invariance has not been established so far. This is one motivation1
1For further motivations and results on the AdS4×CP
3 from a supergravity point of view, see also [10].
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to study the pure spinor formulation of superstrings on AdS4 × CP
3 and in this paper we
actually prove its superconformal exactness. This is done by writing the pure spinor action
as a manifestly superconformal term plus a BRST trivial term. Under the assumption
that only mild non-locality arises in the BRST trivial term, we establish superconformal
exactness.
Let us point out some further considerations about the system for AdS4 × CP
3. In
the present background there is a RR flux balancing the spacetime curvature which can
be tuned to reach opposite limits: the strong coupling limit where the RR fields become
dominant and the weak coupling limit where the supergravity approximation is valid. In
the case of AdS5 × S
5, the two limits where covered by the same theory, namely N =
4, d = 4 SYM and the two limits of string theory where represented by the opposite limits
of the gauge theory side. In that perspective, the supergravity computations in AdS5×S
5
background leads to strong coupling correlation functions, whereas the strong coupling
limit in string theory (where the supergravity approximation is no longer a good one)
corresponds to perturbative SYM at weak coupling.
Recently, in [11] and in [12], it has been conjectured that this limit can be achieved
by constructing the pure spinor sigma model on the coset PSU(2, 2|4)/SO(1, 4) × SO(5),
by taking the limit where the coupling constant goes to infinity and, finally, by adding a
BRST trivial term, one can recast the σ-model into a non-linear sigma model which is a
topological A-model that can be proved to be conformal to all orders (given the fact that
the sigma model is based on a symmetric coset and the supergroup PSU(2, 2|4) is a super-
Calabi-Yau). This construction has been tested in [13] where, by using a mirror symmetry
argument, this program was realized for circular planar 1/2-BPS Wilson loops. See also [14]
for further developments. Actually, in [15], the relation between perturbative SYM N = 4
and the topological sigma model has been further developed. There, it has been noticed
that given a suitable measure for integrating the pure spinors in tree level amplitudes
and identifying the vertex operators of the topological sigma model with the states of
the fundamental representation of PSU(2, 2|4) (known as singleton), one can define some
correlation functions with the properties of tree level SYM amplitudes. However, several
checks and computations should be performed to test this new idea. Nevertheless, it has
been shown that the topological σ-model can be viewed as a gauged linear σ-model of the
G/G type with a suitable gauge fixing.
On another side, we would like to perform the same analysis with another gauged
linear sigma model. We consider the gauged sigma model with the supergroup Osp(6|4).
It has been already shown that this model leads to a pure spinor string theory model
and its action has been constructed. In the present work we construct the gauged sigma
model by gauge fixing the gauge symmetries of Osp(6|4). Again, there are two limits.
One limit is the weak coupling limit where the supergravity approximation is valid (see for
example [3]) and this leads to multiple M2 brane interpretation of its dual theory (based
on Bagger-Lambert-Gustavsson theory). This model is a superconformal Chern-Simons
theory in d = 3 with N = 6. Notice that in this model the kinetic term of the gauge field
is neglected since it has a dimensionful coupling, corresponding to the inverse of radius of
AdS which, in the limit of small RR flux e, tends to zero. The only remaining gauge field
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dynamics is described by a Chern-Simons model. However, being supersymmetric, it has
some auxiliary fields which have to be integrated leading to the potential for the matter
fields. So, the limit of strong coupling is the limit explored in the weak coupling limit of
string theory. On the other side, by considering the opposite limit, namely for large RR
flux e, one should see the opposite limit of perturbative SYM d=3 model (with the kinetic
term). This model has been constructed in [16]. So, we expect that in this limit the theory
is no longer superconformal and contains some dynamical gauge field. The perturbative
computation, which can be performed using the singleton conjecture of [15] should not
correspond to the strong coupling limit of N=6 d=3 model, but to the weak coupling limit
of N = 6, d = 3, SYM (the symmetry of this model could be maybe enhanced to N = 8).
The plan of the paper is as follows. In the next section we implement and solve
the pure spinor constraints on AdS4 × CP
3 and therefore we formulate the pure spinor
superstring theory on this background. In section 3 we study the A-model topological string
on the fermionic supercoset Osp(6|4)/SO(6) × Sp(4) and we establish its superconformal
invariance. In section 4 we show that the pure spinor action for the superstring on AdS4×
CP
3 can be recasted up to an additive BRST exact term as the topological A-model on the
fermionic supercoset Osp(6|4)/SO(6) × Sp(4). Actually, this is obtained as a particular
case of a more general construction for supercosets admitting a compatible Z4 grading. In
section 5 we then give a gauged linear σ-model which reduces to the topological string in
the limit of large Fayet-Illiopoulos coupling and we study its Coulomb branch geometry.
In section 6 we formulate a principal chiral model of G/G type which upon gauge fixing
reduces to the A-model on the supercoset. Moreover, in section 7 we discuss possible
D-brane boundary conditions and discuss their geometric structure. We indicate further
directions to explore in section 8 where we collect some open issues too.
2. Pure spinor superstring in AdS4 × CP
3 background
As it was shown in [8, 6, 7], the AdS4×CP
3 background can be derived from a supercoset
element g ∈ Osp(6|4)
U(3)×SO(1,3)
. Its Maurer-Cartan left invariant 1-form can be expanded into the
generators of Osp(6|4) as follows
J = Jaγa+JIJT
IJ+JIJTIJ+H
abγab+H
J
I T
I
J +J
α
I Q
I
α+J
α˙
I Q
I
α˙+J
IαQIα+J
Iα˙QIα˙ , (2.1)
where (TIJ , T
IJ , T IJ ) are the generators of SO(6), T[AB] with A,B = 1 . . . 6 decomposes
according to irreducible reperesentations of U(3) as it will be explained later, and T IJ are
the generators of U(3). Then, JIJ and J
IJ are the Maurer-Cartan forms associated to the
generators of the coset SU(4)
U(3)
and H JI are the corresponding spin connections of the coset.
Similarly, (γa, γab) with a, b = 1 . . . 4 are the generators of the anti de Sitter group SO(2, 3)
which as is shown in [8] they all turn out to be given by real symplectic matrices and γab are
the generators of the Lorentz group SO(1, 3). The matrices Q αI , Q
α˙
I , Q
I
α and Q
I
α˙ are the 24
fermionic generators where we split the symplectic indices x = 1 . . . 4 into SO(1, 3) spinorial
indices α, α˙ = 1, 2. The Maurer-Cartan 1-forms of the symplectic group Sp(4,R) are related
to the Maurer-Cartan of SO(2, 3) with the relation Jxy = Jaγxya +Habγ
xy
ab . The fermionic
1-forms JxA are real and transform in the fundamental 4-dimensional representation of
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sp(4,R) and in the fundamental 6-dimensional representation of so(6) with the symplectic
invariant antisymmetric metric ǫxy = iσ1 ⊗ 1l.
Notice that ηab is the invariant metric on AdS4 and gIJ¯ is the U(3) invariant metric on
P
3 and we denote by kIJ¯ as the Ka¨hler form on P
3. The index I can be raised and lowered
with the inverse metric gI¯J as J I¯J¯ = gI¯KgJ¯LJKL which is independent of J
IJ , similarly
we can make JI¯ J¯ out of JIJ .
The osp(6|4) algebra H admits a Z4 grading with decomposition H =
∑3
i=0Hi as
follows2
H0 =
{
Hαβ ,Hα˙β˙,H
J
I
}
, H1 =
{
JαI , J α˙I¯
}
,
H2 =
{
Jαα˙, JIJ , J
IJ
}
, H3 =
{
J αI , J
α˙
I¯
}
. (2.2)
satisfying
[Hm,Hn] ⊂ Hm+n (mod 4) (2.3)
We can check that the bilinear metric is also Z4 invariant. Recall that the invariant
supermetric for Osp(6|4) is given by
Str(TABTCD) = δACδDB − δADδCB , (2.4)
Str(Txy Tzt) = ǫxzǫty + ǫxtǫzy ,
Str(Tx Ty) = ǫxy ,
Str(QxAQ
y
B) = δABǫ
xy .
where TAB and Txy are the generators of the bosonic subgroups SO(6) and Sp(4,R), and
QxA are the fermionic generators of the supergroup. It is convenient to adopt a complex
basis for the generators of SO(6) and we define TAB = U
IJ
ABTIJ + U
I
J,ABT
J
I + UIJ,ABT
IJ
where U IJAB , U
I
J,AB, UIJ,AB are the Clebsh-Gordon matrices mapping from 15 of SO(6) to the
representations 3(−1), 8(0), 3∗(+1) of U(3), respectively. In the same way, we decompose
the fermionic generators into QxI and Q
xI of 3(−1) and 3∗(1), respectively. The metric
becomes
Str(TIJT
KL) = δ KI δ
L
J − δ
K
J δ
L
I , (2.5)
Str(T JI T
L
K ) = δ
L
I δ
J
K ,
Str(QxIQ
yJ) = δJI ǫ
xy .
while the other traces vanish. Which all these mean that the bilinear metric is Z4 invariant,
satisfying
< Hm,Hn >= Str(HmHn) = 0, unless m+ n = 0 mod 4 (2.6)
Using this Z4 automorphism, it was shown that the pure spinor sigma model action
can be decomposed in the following way
S = SGS + SGF + Sghost , (2.7)
2In the paper, also the notation Jˆ will be used to denote the currents of the subset H3.
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where SGS is the Green-Schwarz action was shown in [8, 6, 7] to exhibit the usual quadratic
form after using the important feature of the possibility of writing the Wess-Zumino term
as a total derivative in this background
SGS = R
2
∫
d2zStr
[
1
2
J2J¯2 +
1
4
(
J1J¯3 − J3J¯1
)]
, (2.8)
where Ji = J |Hi are the projections of the MC left invariant currents into different sub-
classes according to Z4 automorphism as it was given in (2.2). The action can be written
in terms of the left-invariant supercurrents of the coset in the following form
SGS = R
2
∫
d2z
[
ǫxyJ
xJ¯y +
1
2
JIJ J¯
IJ +
1
4
(
JαI J¯
αI + Jα˙I¯ J¯
α˙I¯ − JαI¯ J¯
αI¯ − Jα˙I J¯
α˙I
)]
.
(2.9)
To this, one has to add a term which breaks κ−symmetry and adds kinetic terms for
the target-space fermions and the coupling to the RR flux. This gauge fixing action SGF
was shown to be given by [8]
SGF = R
2
∫
d2z
(
JαI¯ J¯
αI¯ + Jα˙I J¯
α˙I
)
, (2.10)
which gives
SGS +SGF = R
2
∫
d2z
[
ǫxyJ
xJ¯y+
1
2
JIJ J¯
IJ+
1
4
(
JαI J¯
αI+Jα˙I¯ J¯
α˙I¯
)
+
3
4
(
JαI¯ J¯
αI¯+Jα˙I J¯
α˙I
)]
.
(2.11)
In order to write the pure spinor ghost part of the action, we introduce the pure spinors
(λ αI , λ
α˙
I¯
), (λˆαI , λˆα˙I¯) and their conjugate momenta (w Iα , w
I¯
α˙ ), (wˆαI , wˆα˙I¯), belonging to the
H1 and H3 respectively. The pure spinor constraints can be written as follows

λαI λ
α˙I = 0
λαI ǫαβλ
β
J = 0
λα˙Iǫ
α˙β˙
λβ˙J = 0
,


λˆαI λˆα˙I = 0
λˆIαǫαβ λˆ
βJ = 0
λˆα˙I ǫα˙β˙λˆ
β˙
J = 0
(2.12)
to solve this constraint, we can use the following ansatz
λ αI = λ
αuI , λ
α˙I = λα˙vI , (2.13)
λˆαI = λˆαuˆI , λˆ α˙I = λˆ
α˙vˆI ,
subject to the following gauge transformations
λα →
1
ρ
λα, λα˙ →
1
σ
λα˙, uI → ρuI , v
I → σvI , (2.14)
λˆα →
1
ρˆ
λˆα, λˆα˙ →
1
σˆ
λˆα˙, uˆI → ρˆuˆI , vˆI → σˆvˆI ,
where ρ, σ, ρˆ, σˆ ∈ C∗.
Inserting these factorization into (2.12), we arrive to the following constraints
uIv
I = 0, vˆI uˆ
I = 0 . (2.15)
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So, the counting of the degrees of freedom gives 2× (2 + 3− 1)− 1 = 7 complex for λ
and the same for λˆ. The geometry of the pure spinor space can be easily described. Using
the gauge symmetries ρ and σ we can fix the norm of uI and v
I as such uI u¯
I = 1 and
vI v¯I = 1. Then, together the constraint uIv
I = 0, the matrix (uI , v¯I , ǫIJK u¯
JvK) is an
SU(3) matrix. In addition, using the remaining phases of the gauge symmetries ρ and σ,
we see that the variables uI and v
I parametrize the space SU(3)/U(1)×U(1) which is the
space of the harmonic variables of the N = 3 harmonic superspace (it is also known as the
flag manifold F (1, 2, 3).3
The pure spinor constraints are first class constraints and they commute with the
Hamiltonian, therefore they generat the gauge symmetries on the antighost fields w’s. In
particular if we denote by ηαα˙, η
IJ , ηIJ and by καα˙, κ
IJ , κIJ the infinitesimal parameters
of the gauge symmetries we have that
δwIα = ηαα˙λ
α˙I + 2ηIJ ǫαβ λ
β
J , δwα˙I = ηαα˙λ
α
I + 2ηIJ ǫα˙β˙ λ
β˙J ,
δwˆαI = καα˙λˆ
α˙
I + 2κ
IJǫαβ λˆ
βJ , δwˆIα˙ = καα˙λˆ
αI + 2ηIJ ǫ
α˙β˙
λˆβ˙I , (2.16)
We can also introduce the pure spinor Lorentz generators (N = −{w, λ}, Nˆ =
−{wˆ, λˆ}) ∈ H0, which are needed in the action and determine the couplings between
the pure spinor fields and matter fields, as follows
Nαβ = w
I
(αλβ)I , Nˆαβ = wI(αλ
I
β) , (2.17)
N
α˙β˙
= w(α˙Iλ
I
β˙)
, Nˆ
α˙β˙
= wˆI(α˙λˆβ˙)I ,
N JI = w
J
αλ
α
I + wIα˙λ
Jα˙ ,
Nˆ JI = wˆ
α
I λˆ
J
α + wˆ
Jα˙λˆIα˙ .
They are gauge invariant under the transformations (2.16). Finally, we can write the pure
spinor ghost piece of the action
Sghost = R
2
∫
d2z
(
wIα∇¯λ
α
I + wα˙I∇¯λ
α˙I + wˆαI∇λˆ
Iα + wˆIα˙∇λˆ
α˙
I (2.18)
−η(αβ)(γδ)NαβNˆαδ − η
(α˙β˙)(γ˙ δ˙)N
α˙β˙
Nˆ
γ˙δ˙
− ηI KJ LN
J
I Nˆ
L
K
)
,
where the bilinear metrics η are given from (2.4) and (2.5) as
η(αβ)(γδ) = ǫαγǫβδ + ǫαδǫβγ , ηI KJ L = δ
I
L δ
K
J . (2.19)
3Another way to solve the constraints (2.12) is decomposing the pure spinor into λαI = (λ
α
a , λ
α) and
λα˙I = (λα˙a, λα˙) where a = 1, 2. It is easy to show that the pure spinor constrains become λαaλ
α˙a+λαλα˙ = 0,
det(λαa ) = 0, det(λ
α˙
a ) = 0, λ
α
a ǫαβλ
β = 0 and λα˙a ǫα˙β˙λ
β˙ = 0. The first set of constraints implies that we can
solve 3 parameters in terms of the rest and we get a consistency condition det(λαa ) det(λ
α˙
a ) = 0. This is
solved by imposing the second and the third conditions. The latter also imply the existence of a solution
for the forth and for the fifth constraints. Again the counting of the parameters gives 7 complex numbers.
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Putting everything together we get the pure spinor action for AdS4 × CP
3
S = R2
∫
d2z
[
ǫxyJ
xJ¯y +
1
2
JIJ J¯
IJ +
1
4
(
JαI J¯
αI + Jα˙I¯ J¯
α˙I¯
)
+
3
4
(
JαI¯ J¯
αI¯ + Jα˙I J¯
α˙I
)
+wIα∇¯λ
α
I + wα˙I∇¯λ
α˙I + wˆαI∇λˆ
Iα + wˆIα˙∇λˆ
α˙
I (2.20)
−η(αβ)(γδ)NαβNˆγδ − η
(α˙β˙)(γ˙δ˙)N
α˙β˙
Nˆ
γ˙δ˙
− ηI KJ LN
J
I Nˆ
L
K
]
,
The theory admits a BRST transformation with the following BRST charge
Q+ Q¯ =
∮ 〈
dzλJ3 + dz¯λˆJ¯1
〉
(2.21)
=
∮
dz
(
λIαJˆ
αI + λα˙I Jˆα˙I
)
+
∮
dz¯
(
λˆαI J¯αI + λˆ
α˙
I J¯
I
α˙
)
.
The general pure spinor action with Z4 discrete symmetry is invariant under the fol-
lowing BRST variations
δB(J0) = [J3, λ] + [J¯1, λˆ] (2.22)
δB(J1) = ∇λ+ [J2, λˆ]
δB(J2) = [J1, λ] + [J3, λˆ]
δB(J3) = ∇λˆ+ [J2, λ]
δB(λ) = 0, δB(λˆ) = 0
δB(ω) = −J3, δB(ωˆ) = −J¯1
δB(N) = [J3, λ], δB(Nˆ ) = [J¯1, λˆ]
where ∇Y = ∂Y + [J0, Y ] and ∇¯Y = ∂¯Y + [J¯0, Y ]. These can be written in the following
form for the AdS4 × CP
3,
δBJαβ = −2λ(αI Jˆ
I
β) − 2J(αI λˆ
I
β) , δBJα˙β˙ = −2λ
I
(α˙Jˆβ˙)I − 2J
I
(α˙λˆβ)I , (2.23)
δB Jˆ
αI = (∇λˆ)αI + JIJλαJ + J
α
α˙λ
α˙I , δB Jˆ
α˙
I = (∇λˆ)
α˙
I + JIJλ
α˙J + J α˙α λ
α
I
δBJ
α
I = (∇λ)
α
I + JIJ λˆ
αJ + Jαα˙λˆ
α˙
I , δBJ
α˙I = (∇λ)α˙I + JIJ λˆα˙J + J
α
α˙λˆ
α˙I ,
δBJαβ˙ = λαIJ
I
β˙
+ JαIλ
I
β˙
+ Jˆ
β˙I
λˆIα + λˆβ˙I Jˆ
I
α ,
δBJIJ = 2 ǫ
αβλα[IJJ ]β + 2 ǫ
α˙β˙Jˆα˙[I λˆJ ]β˙ ,
δBJ
IJ = 2 ǫαβλ[IαJ
J ]
β + 2 ǫ
α˙β˙ Jˆ
[I
α˙ λˆ
J ]
β˙
,
δBω
I
α = −Jˆ
I
α , δBωα˙I = −Jˆα˙I ,
δBωˆαI = −JαI , δBωˆ
I
α˙ = −J
I
α˙ ,
the variations of Nαβ , Nα˙β˙, Nˆαβ , Nˆα˙β˙ can be easily derived by their definitions (2.17). Using
this notation, we can assign a further quantum number by assigning 0 to Jαα˙, +1 to J
IJ ,
−1 to JIJ , −1/2 to JαI , Jˆα˙,I and +1/2 to JˆαI , Jα˙,I . This is the center of U(1) inside of
U(3). Notice that the symmetry is a Z5 symmetry. The action, the BRST transformations
and the pure spinor conditions respect such a symmetry.
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3. Ka¨hler potential for the Grassmannian and the A-model
Let’s consider the Grassmannian coset Ops(6|4)SO(6)×Sp(4) which is obtained out of the similar
twisted coordinates ΘxA which was introduced by Berkovits for AdS5 × S
5 [11]. A general
Ka¨hler potential on a coset G/H was shown in [17] to have the form
K(Θ, Θ¯) =
1
2
ln det
(
ξ¯(Θ¯)ξ(Θ)
)
, (3.1)
where ξ(Θ) ∈ G/H is a representative of the coset G/H where for any h ∈ H and g ∈ G
satisfies
gξ(Θ) = ξ(Θ′)h(Θ, g) , (3.2)
Like in the case of the G/H = PU(2,2|4)SU(4)×SU(2,2) coset [11], for G/H =
Ops(6|4)
SO(6)×Sp(4) also,
there exists a gauging in which the coset representative can be written in the following
form
ξ =
(
1l4×4 Θ
Θ¯ 1l6×6
)
, ξ¯ =
(
1l4×4 Θ
−Θ¯ 1l6×6
)
, (3.3)
where here, ΘxA and Θ¯
A
x are 4× 6 and 6× 4 fermionic matrices respectively.
Using the convention iΘ¯ = Θ†, the Ka¨hler potential (3.1) can be written as
K(Θ, Θ¯) =
1
2
ln det
[(
1l4×4 Θ
Θ¯ 1l6×6
)(
1l4×4 Θ
−Θ¯ 1l6×6
)]
=
1
2
ln det
[(
1l4×4 −ΘΘ¯ 0
0 1l6×6 + Θ¯Θ
)]
=
1
2
ln
[
det(1l4×4 −ΘΘ¯)× det(1l6×6 + Θ¯Θ)
]
= Tr ln(1l6×6 + Θ¯Θ) (3.4)
which in the last line we used the fact that
Tr(ΘΘ¯)n = −Tr(Θ¯Θ)n, for n > 0 , (3.5)
One can easily show, for such a Ka¨hler potential, exactly in the same way as it was
shown in section (4.3) of [11], that this N=2 action is conformal invariant, namely by
computing the one-loop beta function
R = ln det(∂Θ∂Θ¯K) = 0 , (3.6)
which then the N = 2 supersymmetry non-renormalization theorem implies its conformal
invariance to all loops.
The worldsheet variables for this Ka¨hler N=2 sigma-model on Osp(6|4)SO(6)×Sp(4) are fermionic
superfields ΘxA and Θ¯
A
x where A = 1, . . . , 6 and x = 1, . . . , 4 label fundamental represen-
tations of SO(6) and Sp(4) respectively. These N = 2 chiral and anti-chiral superfields
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can be expanded in terms of the fields of the pure spinor superstring theory on the target
AdS4 × CP
3 as follows
ΘxA(κ+, κ−) = θ
x
A + κ+Z
x
A + κ−Y¯
x
A + κ+κ−f
x
A , (3.7)
Θ¯Ax (κ¯+, κ¯−) = θ¯
A
x + κ¯+Z¯
A
x + κ¯−Y
A
x + κ¯+κ¯−f¯
A
x ,
where (κ+, κ¯+) are left-moving and (κ−, κ¯−) are right-moving Grassmannian parameters
of the worldsheet N=2 supersymmetry.
In this expansion, the 24 lowest components θxA and θ¯
A
x are 24 fermionic coordinates
of the Osp(6|4)
U(3)×SO(1,3)
supercoset which parametrizes the AdS4 × CP
3 superspace together
with the 24 bosonic variables ZxA and Z¯
A
x which are twistor-like variables combining the
10 spacetime coordinates of AdS4 and CP
3 with pure spinors (λxA, λ¯
A
x ) which their number
was obtained in [8] to be 14. They can be expressed explicitly as follows
ZxA = H
x
x′(xA)(H˜
−1(xP ))
A′
A λ
x′
A′ , (3.8)
Z¯Ax = (H
−1(xA))
x′
x H˜
A
A′(xP ) λ¯
A′
x′ ,
Here Hxx′(xA) is a coset representative for the AdS4 coset
Sp(4)
SO(1,3) and H˜
A
A′(xP ) is a
coset representative for the CP3 coset SO(6)
U(3)
. Similarly, the conjugate twistor-like variables
Y AJ and Y¯
J
A are constructed from the conjugate momenta to the pure spinors and f
x
A and
f¯Ax are auxiliary fields.
4. From pure spinor to A-model
Here we show that the same way Berkovits and Vafa [12] showed the equivalence of the
A-model and the pure spinor superstring for AdS5×S
5, we can show the existence of such
an equivalence for any superscoset admitting a Z4 automorphism, as is the case also for
the AdS4 × CP
3 supercoset.
4.1 Pure spinor with Z4 automorphism and “bonus“ symmetry
Consider a supercoset G/H4 which admits a Z4 automorphism under which its generators
can be decomposed into invariant subspaces Hi, i = 0 · 3. The matter fields of the sigma
model can be written in terms of the left-invariant currents J = g−1∂g, J¯ = g−1∂¯g, where
g ∈ G. The left-invariant currents are decomposed according to the invariant subspaces of
the Z4 into J = J0 + J1 + J2 + J3 as follows
H0 H1 H2 H3
J [AB] Jα JM J αˆ
(4.1)
where the left-invariant current J = g−1∂g is expanded by the generators of the superal-
gebra as
J =
3∑
i=0
Ji = J
[AB]T[AB] + J
mTm + J
αTα + J
αˆTαˆ , (4.2)
4In the construction, G is the isometry supergroup of the target space and H is a normal subgroup of
its bosonic subgroup Gb.
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here, J [AB] ∈ H are the spin connections of the supercoset and Jm and (Jα, J αˆ) are the
bosonic and fermionic components of the supervielbein respectively. The generators of
the supercoset are (T[AB], Tm, Tα, Tαˆ) which are the Lorentz generators, translations and
fermionic generators respectively with the following non-zero structure constants
f pmn , f
[AB]
mn , f
[EF ]
[AB][CD] , f
[AB]
αβˆ
, f mαβ , (4.3)
Besides the matter fields, the pure spinor action has a ghost sector consisting of the
pure spinors and their conjugate momenta
λ = λαTα, λˆ = λˆ
αˆTαˆ, ω = η
ααˆωαTαˆ, ωˆ = η
ααˆωˆαˆTα , (4.4)
and the corresponding pure spinor currents N = −{ω, λ}, Nˆ = {ωˆ, λˆ} ∈ H0 which generate
the Lorentz transformations in the pure spinor variables.
The theory admits a BRST transformation with the following operator
Q+ Q¯ =
∮ 〈
dzλJ3 + dz¯λˆJ¯1
〉
, (4.5)
under which the fields transform as follows
δB(J0) = [J3, λ] + [J1, λˆ] , (4.6)
δB(J1) = ∇λ+ [J2, λˆ] ,
δB(J2) = [J1, λ] + [J3, λˆ] ,
δB(J3) = ∇λˆ+ [J2, λ] ,
δB(λ) = 0, δB(λˆ) = 0 ,
δB(ω) = −J3, δB(ωˆ) = −J¯1 ,
δB(N) = [J3, λ], δB(Nˆ ) = [J¯1, λˆ] ,
where ∇Y = ∂Y + [J0, Y ] and ∇¯Y = ∂¯Y + [J¯0, Y ]. These can also be written in the
expanded form,
δB(J
[AB]) = J αˆλβf
[AB]
αˆβ + J
αλˆβˆf
[AB]
αβˆ
, (4.7)
δB(J
m) = Jαλβf mαβ + J
αˆλˆβˆf m
αˆβˆ
,
δB(J
α) = ∇λα + Jmλˆαˆf αmαˆ ,
δB(J
αˆ) = ∇λˆαˆ + Jmλαf αˆmα .
The sigma model is invariant under the global transformations δg = Σg, Σ ∈ G and
under the BRST transformations, using the fact that 〈AB〉 6= 0 only for A ∈ Hi and
B ∈ H4−i. It can be written in the following form
S = R2
∫
d2z
〈
1
2
J2J¯2 +
1
4
J1J¯3 +
3
4
J3J¯1 + w∂¯λ+ wˆ∂λˆ+NJ¯0 + NˆJ0 −NNˆ
〉
, (4.8)
for any supercoset admitting a Z4 automorphism including AdS5 × S
5 and AdS4 × CP
3
examples (see also [18, 19] for non-critical examples based on different sets of pure spinor
variables).
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On top of the global bosonic isometry group Gb of the supergroup G, the A-model
action has a ’bonus’ chiral symmetry exchanging left and right movers which appears in
the sigma model as a symmetry between left and right moving fermionic currents Jα and
J αˆ. Apparently (4.8) does not have such a symmetry because of the different coefficients of
J1J¯3 and J3J¯1 terms. To promote the symmetry of (4.8), one can add an additional term to
the action including a −12J3J¯1 to cancel the asymmetry of the fermionic currents together
with its appropriate companion in order that the whole term stays a BRST-closed term,
Strivial = Sm + Sg
=
R2
2
∫
d2z
(
CmnJ
mJ¯n− < J3J¯1 > + < ω∇¯λ+ ωˆ∇λˆ−NNˆ >
)
(4.9)
=
R2
2
∫
d2z
(
CmnJ
mJ¯n + η
αβˆ
J βˆJ¯α + ωα∇¯λ
α + ωˆαˆ∇λˆ
αˆ − η[AB][CD]N
[AB]Nˆ [CD]
)
,
where Sg =
R2
2
∫
d2z(ω∇¯λ + ωˆ∇λˆ − NNˆ) is exactly the ghost part of the original
action (4.8) and ηXY =< TXTY >= Str(TXTY ). The requirement of BRST invariance of
the Strivial will determine the unknown tensor Cmn.
Using the classical equations of motion
∇λˆ− [N, λˆ] = 0, ∇¯λ− [Nˆ , λ] = 0 , (4.10)
and the identities [N,λ] = [Nˆ , λˆ] = 0 coming from the pure spinor constraints, it can be
shown that under the BRST transformations (4.7), Sg and Sm vary as follows
δB(Sg) =
R2
2
∫
d2z < −J3∂¯λ− J¯1∂λˆ− J3[J¯0, λ]− J¯1[J0, λˆ] >
=
R2
2
∫
d2z η
αβˆ
(−J βˆ∇¯λα + J¯α∇λˆβˆ) , (4.11)
δB(Sm) =
R2
2
∫
d2z
[
Cmn
(
Jαλβf mαβ + J
αˆλˆβˆf m
αˆβˆ
)
J¯n + CmnJ
m
(
J¯αλβf nαβ + J¯
αˆλˆβˆf n
αˆβˆ
)
− η
αβˆ
(
∇λˆβˆ + Jmλβf βˆmβ
)
J¯α + η
αβˆ
J βˆ
(
∇¯λα + J¯nλˆαˆf αnαˆ
) ]
, (4.12)
which gives
1
R2
δB(Strivial) =
1
2
CmnJ
mJ¯αλβf nαβ +
1
2
η
αβˆ
JmJ¯αλβf βˆmβ , (4.13)
+
1
2
CmnJ¯
nJ βˆλˆαˆf m
βˆαˆ
+
1
2
η
αβˆ
J¯nJ βˆ λˆαˆf αnαˆ
+
1
2
CmnJ¯
nJαλβf mαβ +
1
2
CmnJ
mJ¯ αˆλˆβˆf n
αˆβˆ
= 0 ,
which admits the following solution for δB(Strivial) = 0 after using the Jacobi identities for
the structural constants
Cmn =
1
2
η
αβˆ
(λˆαˆf αnαˆ )(λ
βf βˆmβ )
η
αβˆ
λαλˆβˆ
. (4.14)
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The first and the second lines of (4.13) vanish because of the identity ηβαˆ =
Str (TβTαˆ) = f
n
αβf
α
nαˆ and the terms in the last line vanish because of the following Ja-
cobi identity,
f mαγ f
βˆ
mβ + f
m
αβ f
βˆ
mγ = f
m
βγ f
βˆ
mα , (4.15)
which implies
λβλγ
(
f mαγ f
βˆ
mβ + f
m
αβ f
βˆ
mγ
)
= 0 . (4.16)
So Strivial of (4.9) with Cmn given in (4.14) is BRST-closed. We should also show that
it is really a BRST-trivial term satisfying Strivial = QQ¯X, up to the equations of motion.
In order to do that, we introduce the antifields w∗α and wˆ
∗
αˆ which after adding the term
R2
∫
d2zηαβˆw∗αwˆ
∗
βˆ
, (4.17)
the full action stay invariant under the new BRST transformations,
Q′wα = −ηααˆJ
αˆ, Q¯′wα = w
∗
α , (4.18)
Q′wˆαˆ = wˆ
∗
αˆ, Q¯
′wˆαˆ = −ηαˆαJ¯
α ,
Q′w∗α = ηααˆ(∇λˆ
αˆ − [N, λˆ]αˆ), Q¯′w∗α = 0 ,
Q′wˆ∗αˆ = 0, Q¯
′wˆ∗αˆ = ηαˆα(∇¯λ
α − [Nˆ , λ]α) ,
Q′N = [J3, λ], Q¯
′N = [w∗, λ] ,
Q′Nˆ = [J¯1, λˆ], Q¯
′Nˆ = [wˆ∗, λˆ] ,
which this BRST transformation is nilpotent off-shell instead of being nilpotent up to the
equations of motion. Now consider the following identities
Q′Q¯′
(
CmnJ
mJ¯n
)
= Cmn
{
Q′Q¯′(Jm)J¯n +Q′(Jm)Q¯′(J¯n) + Q¯′(Jm)Q′(J¯n) + JmQ′Q¯′(J¯n)
}
= Cmn
{
∇λˆαˆ λˆβˆf m
αˆβˆ
J¯n + Jm∇¯λα λβf nαβ
}
+Cmn
{
JpJ¯nλαλˆβˆf αˆpα f
m
αˆβˆ
+ JmJ¯pλαλˆβˆf αˆpα f
n
αˆβˆ
}
+Cmn
{
JαJ¯ αˆλβλˆβˆf mαβ f
n
αˆβˆ
+ J αˆJ¯αλˆβˆλβf m
αˆβˆ
f nαβ
}
= 2CmnJ
mJ¯n
(
ηλλˆ
)
, (4.19)
Q′Q¯′
(
NNˆ
)
= Q′Q¯′(N)Nˆ +Q′(N)Q¯′(Nˆ ) + Q¯′(N)Q′(Nˆ ) +NQ′Q¯′(Nˆ ) (4.20)
= [(∇λˆ− [N, λˆ]), λ]Nˆ + [J3, λ][J¯1, λˆ] + [w
∗, λ][wˆ∗, λˆ] +N [(∇¯λ− [Nˆ , λ]), λˆ] ,
and,
Q′Q¯′
(
(ωλ)(ωˆλˆ)
)
= Q′Q¯′(ωλ)(ωˆλˆ) +Q′(ωλ)Q¯′(ωˆλˆ) + Q¯′(ωλ)Q′(ωˆλˆ) + (ωλ)Q′Q¯′(ωˆλˆ)
=
1
2
[(∇λˆ− [N, λˆ]), λ](wˆλˆ) +
1
4
[J3, λ][J¯1, λˆ] +
1
4
[w∗, λ][wˆ∗, λˆ]
+
1
2
(wλ)[(∇¯λ− [Nˆ , λ]), λˆ] , (4.21)
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to get these identities, we used the equation of motions, (4.13), (4.15) and (4.16) together
with the following Jacobi identity,
f
β
Mα f
γ
Nβ − f
β
Nα f
γ
Mβ = f
P
MN f
β
Pα , (4.22)
where M,N, · · · = {m, [mn]} and α, β, · · · = {α, αˆ}. From (4.19), (4.20) and (4.21) one
can see that there exists a linear combination of them such that Strivial = QQ¯X up to the
anti-ghost term, that is up to the momenta equations of motion,
X =
1
2
∫
d2z
1
ηααˆλαλˆαˆ
[
1
4
CmnJ
mJ¯n +
1
4
(ωλ)(ωˆλˆ)−
1
8
NNˆ
]
. (4.23)
The sigma model action after adding Strivial becomes
Sb =
R2
2
∫
d2z
[(
1
2
η
αβˆ
(λˆαˆf αnαˆ )(λ
βf βˆmβ )
η
αβˆ
λαλˆβˆ
+ ηmn
)
JmJ¯n (4.24)
+
1
2
< J3J¯1 − J1J¯3 + ω∇¯λ+ ωˆ∇λˆ−NNˆ >
]
The analysis follows the considerations in the literature, but it is derived in a very general
way.
4.2 Mapping pure spinor to A-model
In order to relate Sb and the A-model action, we should write the supercoset element
g(x, θ, θ¯) ∈ G
H
in terms of the Grassmannian coset element G(θ, θ¯) ∈ G
Gb
.
We can define the following bosonic twisted variables out of the bosonic coset elements
H(x) ∈ Gb
H
and the pure spinors in this way
Zα = [H,λ] = H [AB](x)λβf α[AB]β (4.25)
Z¯ αˆ = [H−1, λˆ] = (H−1)[AB](x)λˆβˆf αˆ
[AB]βˆ
Y αˆ = [H−1, w] = (H−1)[AB](x)ηββˆwβf
αˆ
[AB]βˆ
Y¯ α = [H, wˆ] = H [AB](x)ηββˆwˆ
βˆ
f α[AB]β
Supercoset element g can be parametrized as follows
g(x, θ, θ¯) = G(θ, θ¯)H(x) (4.26)
where G(θ, θ¯) = eθ
αTα+θ¯αˆTαˆ and H(x) = ex
mTm in which (Tm, Tα, Tαˆ) are the generators of
the supercoset G/H.
According to (4.26), we can decompose the left-invariant currents J = g−1∂g. The
pure spinor action can be written into H and G components, corresponding to the purely
bosonic part and purely fermionic part of the supercoset as follows
J = H−1∂H +H−1(G−1∂G)H (4.27)
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Its componets J = JmTm + J
[AB]T[AB] + J
αTα + J
αˆTαˆ can be written as
JM = (H−1∂H)M + (H−1)M (G−1∂G)PHQf RNP f
M
RQ (4.28)
Jα = (H−1)M (G−1∂G)βHNf
γ
Mβ f
α
γN (4.29)
where M,N, · · · = {m, [AB]} and α, β, · · · = {α, αˆ}.
The A-model action can be written in terms of the fermionic superfields (Θα, Θ¯αˆ) which
was defined before as S =
∫
Trln[1 + Θ¯Θ]. Here we assume that for the Grassmannian
supercoset G/Gb, there exist a gauging in which the supercoset elements G can be written
in the following form
Gm = 1l, G[AB] = 1l, Gα = θα, Gαˆ = θ¯αˆ (4.30)
Finally, the A-model action, after integration over the auxiliary fields can be written in
this form
SA = t
∫
d2z
[
(G−1∂G)(G−1∂¯G) + Y ∇¯Z + Y¯∇Z¯ − (Y Z)(Z¯Y¯ )
]
(4.31)
= t
∫
d2z
[
ηααˆ(G
−1∂G)α(G−1∂¯G)αˆ + ηMN (G
−1∂G)M (G−1∂¯G)N
+ηααˆY
αˆ(∇¯Z)α+ηααˆY¯
α(∇Z¯)αˆ−ηmnf
m
ααˆ f
n
ββˆ
[
(Y αˆZα)(Z¯ βˆ Y¯ β)+(ZαY αˆ)(Y¯ βZ¯ βˆ)
] ]
where,
(∇¯Z)α = ∂¯Z + [G−1∂¯G,Z] (4.32)
= ∂¯Zα + (G−1∂¯G)[AB]Zβf α[AB]β
(∇Z¯)αˆ = ∂Z¯ + [G−1∂G, Z¯ ]
= ∂Z¯ αˆ + (G−1∂G)[AB]Z βˆf αˆ
[AB]βˆ
To relate the pure spinor action (4.24) and the A-model action (4.31), we use the
explicit form of the twisted variables (4.25). Using (4.25) and Jacobi identity (4.22), one
can write
Y ∂¯Z = [H−1, w]∂¯ ([H,λ]) (4.33)
= [H−1, w]
(
[∂¯H, λ] + [H, ∂¯λ]
)
= w∂¯λ+ [H−1∂¯H,wλ]
= w∂¯λ+ [H−1∂¯H,wλ] + [H−1(G−1∂¯G)H,wλ] − [H−1(G−1∂¯G)H,wλ]
= w∂¯λ+ [J¯ , wλ] − [(G−1∂¯G), Y Z]
which after using (4.32), we get
Y ∇¯Z = w∂¯λ+ [J¯ , wλ] (4.34)
= wα∂¯λ
α + J¯ [AB]wαλ
βf α[AB]β + ηmnη
αβ J¯mwαλ
γf nγβ
= wα∇¯λ
α + ηmnη
αβJ¯mwαλ
γf nγβ
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similarly, one can see that
Y¯∇Z¯ = wˆ∂λˆ+ [J, wˆλˆ] (4.35)
= wˆαˆ∂λˆ
αˆ + J [AB]wˆαˆλˆ
βˆf αˆ
[AB]βˆ
+ ηmnη
αˆβˆJmwˆαˆλˆ
γˆf n
γˆβˆ
= wˆαˆ∇λˆ
αˆ + ηmnη
αˆβˆJmwˆαˆλˆ
γˆf n
γˆβˆ
the last term simplifies as follows
(Y Z)(Z¯Y¯ ) =
(
[H−1, w][H,λ]
) (
[H−1, λˆ][H, wˆ]
)
(4.36)
= (wλ)(wˆλˆ)
= η[AB][CD]
(
f β
α[AB]wβλ
α
)(
wˆ
βˆ
λˆαˆf βˆ
αˆ[CD]
)
− ηmn
(
ηαγf mαβ wγλ
β
)(
ηαˆγˆf n
αˆβˆ
wˆγˆλˆ
βˆ
)
Putting everything together, we obtain the A-model action in terms of the pure spinor
fields
SA = t
∫
d2z
[1
2
η
αβˆ
(J βˆ J¯α − JαJ¯ βˆ) + w∇¯λ+ wˆ∇λˆ−NNˆ (4.37)
+ηαβJ¯mwαλ
γf αmγ + η
αˆβˆJmwˆαˆλˆ
γˆf αˆmγˆ − ηmn
(
ηαγf mαβ wγλ
β
)(
ηαˆγˆf n
αˆβˆ
wˆγˆλˆ
βˆ
) ]
The equations of motion for w and wˆ comes from the variation of the action under the
transformations δwα = f
m
αβ λ
βΛm and δwˆαˆ = f
m
αˆβˆ
λˆβˆΛ˜m, as follows
(f δˆmαλ
α)
(
J¯m − ηβˆγˆf m
βˆαˆ
wˆγˆλˆ
αˆ
)
= 0 (4.38)
(f δmαˆλˆ
αˆ)
(
Jm − ηβγf mβα wγλ
α
)
= 0
After inserting these equations of motion into (4.37), the second line of (4.37) produces
the kinetic term for the bosonic Maurer-Cartan currents,
t
∫
d2z
[
1
2
η
αβˆ
(λˆαˆf αnαˆ )(λ
βf βˆmβ )
η
αβˆ
λαλˆβˆ
+ ηmn
]
JnJ¯m (4.39)
Then the action (4.37), becomes
S = t
∫
d2z
[(
1
2
η
αβˆ
(λˆαˆf αnαˆ )(λ
βf βˆmβ )
η
αβˆ
λαλˆβˆ
+ ηmn
)
JnJ¯m +
1
2
η
αβˆ
(J βˆ J¯α − JαJ¯ βˆ) (4.40)
+w∇¯λ+ wˆ∇λˆ−NNˆ
]
which coincides with the action (4.24) after identifying t = 12R
2.
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5. Linear gauged σ-model for AdS4 × CP
3
Similarly to the non-linear sigma model of the AdS5 × S
5 which was studied by Berkovits
and Vafa in [12], we can write a linear gauged sigma model for the non-linear sigma model
for AdS4 ×CP
3 which was given in the previous section.
The 2-dimensional N=(2,2) linear gauged sigma model can be described by a set of
matter fields which are chiral and antichiral superfields ΦΣR and Φ¯
R
Σ gauged under the real
worldsheet superfield V RS taking value in the SO(6) gauge group where R,S, . . . = 1, . . . , 6
are gauge field indices and Σ = (x,A) is a global Osp(6|4) index. We can take ΦxR to be
fermionic while ΦAR are bosonic superfields.
The gauged linear sigma model action can be written in a Osp(6|4) invariant way as
S =
∫
d2z
∫
d4κ
[
Φ¯SΣ(e
V )RSΦ
Σ
R + tTrV +
1
e2
Σ2
]
(5.1)
where Σ = D¯DV is the field strength of the gauge field V and is a twisted chiral superfield.
As it is clear from the matter content of the theory, it contains 24 fermions and 36
bosons and so the theory actually has conformal anomaly if we ask the bosons and fermions
to be gauged in the same representation of the gauge group as we did. But still the theory
has a conformal IR fixed point corresponding to the large volume and gauge coupling limit
which after integrating out the auxiliary equations of motion for the gauge field we obtain
the non-linear sigma model (when e→∞)
S = t
∫
d2z
∫
d4κTr
[
Φ¯RΣΦ
Σ
S
]
(5.2)
which can be rewritten in terms of the meson fields ΘxA and Θ¯
A
x defined as
ΘxA ≡ Φ
x
R(Φ
−1)RA, Θ¯
A
x ≡ (Φ¯
−1)ARΦ¯
R
x (5.3)
which gives exactly the A-model sigma model which was obtained from the pure spinor
string for AdS4 × CP
3 as
S = t
∫
d2z
∫
d4κTr ln
[
1 + Θ¯Θ
]
(5.4)
The FI parameter corresponds to the Ka¨hler parameter of the supercoset Grassman-
nian target space Osp(6|4)SO(6)×Sp(4) .
5.1 Vacua of the gauged linear sigma model and zero radius limit
The small radius limit of the gauged linear sigma-model is convenient to study the pertur-
bative regime of the gauge theory since the introduction of the Coulomb branch, because
of the presence of the gauge group which is an additional degree of freedom in the gauged
linear sigma model with respect to non-linear sigma model, resolves the singularity of the
non-linear sigma-model in the small radius limit. To study different phases of the theory,
we should solve the D-term equations comming from the gauged linear sigma-model. It is
enough to focus on the fields which have conformal weight zero because they are the only
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fields which can get non-zero expectation value. We analyze the gauged linear σ-model
following the standard techniques of [20] and [21].
The gauge superfield V RS in Wess-Zumino gauge can be expanded as
V RS = σ
R
S κ+κ¯− + σ¯
R
S κ+κ¯+ + . . .+ κ+κ−κ¯+κ¯−D
R
S (5.5)
similarly we can expand the fermionic and bosonic superfields as follows
ΦΣR = φ
Σ
R + κ+ψ
Σ
R + . . . , Φ¯
R
Σ = φ¯
R
Σ + κ¯−ψ¯
R
Σ + . . . (5.6)
where we just keep the components which will have zero conformal weight after the A-
twist because they are the only fields which can attain nonzero expectation value and so
can appear in the D-term equations. Here the index Σ refers to both x and A indices. Note
that (φAR, ψ
x
R, φ¯
R
A, ψ¯
R
x ) are bosonic and (φ
x
R, ψ
A
R, φ¯
R
x , ψ¯
R
A) are fermionic fields.
Using the vector superfield and the usual superderivatives D± and D¯±, one can define
the covariant superderivatives as follows
D± = e
−VD±e
+V , D¯± = e
+V D¯±e
−V (5.7)
Then the field strength Σ which is a twisted chiral superfield is constructed as follows
Σ = {D¯+,D−} (5.8)
= σ + . . .+ κ+κ−κ¯+κ¯−(D
mDmσ + [σ, [σ, σ¯]] + i[∂
mvm, σ])
which produces the following gauge field kinetic term in the Lagrangian
Lgauge = −
1
e2
∫
d4κTrΣ¯Σ (5.9)
=
1
e2
Tr
(
−Diσ¯D
iσ −
1
2
[σ, σ¯]2 + . . .
)
and also we have the FI term LD,θ,
LD,θ = it
∫
dκ+dκ¯−TrΣ
∣∣∣∣
κ−=κ¯+=0
− it¯
∫
dκ−dκ¯+TrΣ¯
∣∣∣∣
κ+=κ¯−=0
(5.10)
= Tr
(
−rD +
θ
2π
v01
)
Now we can consider the matter part of the gauged linear sigma model consisting of
the kinetic terms for the fermionic and bosonic superfields which carries the kinetic and
interaction terms for the bosonic and fermionic fields,
Lbkin =
∫
d4κΦ¯RAe
V ΦAR (5.11)
= −(D¯j φ¯
R
A)(D
jφAR) + F¯
R
A F
A
R − φ¯
S
A{σ, σ¯}
R
Sφ
A
R + φ¯
S
AD
R
S φ
A
R + . . .
Similarly we can write the kinetic term for the fermionic chiral superfields,
Lfkin =
∫
d4κΦ¯Rx e
V ΦxR (5.12)
= −(D¯j φ¯
R
x )(D
jφxR) + F¯
R
x F
x
R − φ¯
S
x{σ, σ¯}
R
Sφ
x
R + φ¯
S
xD
R
S φ
x
R + . . .
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We can see that {σ, σ¯} appears as the mass for the matter fields and so whenever σ
gets VEV, the matter fields become massive and can be integrated out in the effective
theory as is happening in the Coulomb phase.
The potential of the theory can be written as,
LV =
1
2e2
TrD2 − rTrD + φ¯SxD
R
S φ
x
R + φ¯
S
AD
R
S φ
A
R (5.13)
−
1
2e2
Tr[σ, σ¯]2 − φ¯Sx{σ, σ¯}
R
Sφ
x
R − φ¯
S
A{σ, σ¯}
R
Sφ
A
R
which after eliminating the D-field by using the following D-term equation
DSR = φ¯
S
xφ
x
R + φ¯
S
Aφ
A
R − rδ
S
R (5.14)
one obtains the potential
V =
e2
2
[
φ¯Sxφ
x
R + φ¯
S
Aφ
A
R − rδ
S
R
] [
φ¯Rx φ
x
S + φ¯
R
Aφ
A
S − rδ
R
S
]
(5.15)
+
1
2e2
Tr[σ, σ¯]2 + φ¯Sx{σ, σ¯}
R
Sφ
x
R + φ¯
S
A{σ, σ¯}
R
Sφ
A
R
The space of the classical vacua is given by putting the potential to zero up to gauge
transformations. We can study the vacua in two regimes, when r > 0 and not small, the
constraint V = 0 implies that σ = 0 which implies the following condition as the classical
vacua for the matter fields
DSR = φ¯
S
xφ
x
R + φ¯
S
Aφ
A
R − rδ
S
R = 0 (5.16)
It means actually that the vectors (φxR, ψ
A
R) for any R = 1, . . . , 4 are orthonormal. Any
such vector, after diagonalization, is subject to the constraint
6∑
A=1
φ¯Aφ
A +
4∑
x=1
φ¯xφ
x = r (5.17)
which defines a supersphere S(5|4).5 The space of classical vacua is the gauge invariant
subspace of the product of such vectors [23] giving the orbit space (S(5|4))3//S3 × Z2
obtained by dividing the action of S3×Z2 on the three copies, where Z2 is the simultaneous
reflection. This phase corresponds to the Higgs phase of the theory because the gauge
symmetry completely breaks.
If one looks into r → 0 limit, on top of the above Higgs phase, one can have another
possibility as it is explained in [24] and [12]. In this phase, the σSR is unconstrained but
the matter variables are constrained to satisfy
OSR = φ¯
S
xφ
x
R + φ¯
S
Aφ
A
R = 0 (5.18)
The mass term for the fermions and bosons are written as
φ¯Sx{σ, σ¯}
R
Sφ
x
R + φ¯
S
A{σ, σ¯}
R
Sφ
A
R (5.19)
5The conditions for a supermanifold of being a super-Ricci flat are discussed in [22].
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And so whenever the σ gets expectation value the matter fields become massive and one
can integrate them out from the theory. One can easily compute the 1-loop correction to
the condition (5.18) which should be proportional to r by doing the path integral with a
cut-off µ,
〈O〉1-loop = −
6∑
A=1
∫
d2p
1
p2 + {σ, σ¯}
+
4∑
x=1
∫
d2p
1
p2 + {σ, σ¯}
(5.20)
= −
1
2π
log
(
{σ, σ¯}
2µ2
)
= r
which has a solution as
{σ, σ¯} = 2µ2 exp (−2πr) (5.21)
After integrating over all the matter fields, the classical vacua V = 0 is given by condition
Tr[σ, σ¯]2 = 0 which together with (5.21) gives the following solution,
σ = σ0µ exp (−2πr) (5.22)
where here σ0 is an orthogonal 6×6 constant matrix. This means that σ can be diagonalized
and for each diagonal component of the σ in the small radius regime, one gets a copy of
the S(5|4) as it was seen before.
6. Principal chiral model
In this section, we derive the PCM (principal chiral model) for Osp(6|4). We analyze
the differences. The model is based on gauging the coset Osp(6|4)SO(6)×Sp(4) . This is a purely
Grassmannian coset manifold with 24 fermionic coordinates ΘxA. There are other gaugings
leading to Osp(6|4)
Osp(4|2)×Osp(2|2) and to
Osp(6|4)
Osp(4|2)×SU(1|1,1) , but we do not discuss them in the
present paper. Notice that unlike Osp(6|4)SO(6)×Sp(4) , which has 24 fermions, the other two spaces
have 12 bosons and 12 fermions.
The worldsheet action is
S = r2AdS
∫
d2z Str
(
(g−1∂g −A)(g−1∂¯g − A¯)
)
(6.1)
where the indices x, y are raised and lowered with ǫxy. It is invariant under the local
symmetry Osp(6|4) under the transformations
δg = gΩ , δA = dΩ+ [A,Ω] , (6.2)
where Ω ∈ Osp(6|4). We can gauge-fix the subgroup SO(6) × Sp(4) by choosing the
gauge g = G(θ, θˆ) = exp(θxIQ
I
x + θ
xIQxI). Furthermore, we can gauge-fix the rest of the
symmetries by choosing the gauge
AxI = 0 , A¯
I
x = 0 . (6.3)
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This second gauge fixing requires the ghost fields (Z
x
I , Z
I
x) and the antighosts (Y
I
x, Y
x
I )
with the action
Sghost = r
2
AdS
∫
d2z
[
− Y xI (∇Z)
I
x + Y
I
x(∇Z)
x
I
]
, (6.4)
where
(∇Z)Ix = ∂¯Z
I
x +A
y
x Z
I
y +A
I
JZ
J
x , (∇Z)
x
I = ∂Z
x
I +A
x
yZ
y
I +A
J
I Z
x
J . (6.5)
Assuming that the kinetic term for the remaining gauge fields AIx, A¯
x
I vanishes in the
limit of large RR fluxes, we can integrate out these fields leading to get the complete action
S = r2AdS
∫
d2z
[
(G−1∂G)xI (G
−1∂¯G)Ix − Y
x
I (∇Z)
I
x + Y
I
x(∇Z)
x
I (6.6)
+(G−1∂G−A)xy(G
−1∂¯G− A¯)xy + (G−1∂G−A)IJ (G
−1∂¯G− A¯)IJ
+(G−1∂G−A) JI (G
−1∂¯G− A¯) IJ + (G
−1∂G−A)IJ(G−1∂¯G− A¯)IJ
]
.
Notice that the action has the gauge symmetry SO(6) × Sp(4). Eliminating the gauge
fields Axy , . . . , A
IJ
, one gets a non-linear sigma model which corresponds to the pure
spinor sigma model with the addition of a BRST exact term (4.31).
7. D-branes and gauge theories
In order to discuss open strings and D-branes we have to see how to put the boundary
conditions. We start from the supercoset Osp(6|4)/SO(6)×Sp(4). We reduce it as follows:
the bosonic subcoset: SO(6) × Sp(4) is reduced to U(3) × Sp(2) and the fermionic part is
halved. This achieved by using the boundary conditions
ΘαI = δαα˙ J
I
J Θ¯
α˙J , Θ¯α˙I = δ
α˙
α J
J
I Θ
α
J , (7.1)
where J Ij is the complex structure on P
3. The tensor δα˙α reduce the subgroup Sp(4) to
Sp(2). We recall that using the symplectic matrices Λ of Sp(4,R) as the 4 × 4 matrices
satisfying ΛT ǫΛ = ǫ where ǫ = iσ2⊗1l, we can see immediately the two subgroups Sp(2,R)×
Sp(2,R). In the above equation, we have selected the diagonal subgroup Sp(2,R). The
above equations are invariant under Sp(2,R)×U(3). Notice that we have identified on the
boundary of the Riemann surface the fermionic variables of the subset H1 = {Θ
αI ,Θα˙I }
with those of the other subset H3 = {Θ¯
α
I , Θ¯
α˙I}. This simply reduces the 24 fermions to 12
ones. The new set of states can be represented in terms of the supercoset
SU(3|1, 1)
U(3) × SU(1, 1)
(7.2)
(where we have used the isomorphism Sp(2,R) ≃ SL(2,R) ≃ SU(1, 1)). The 6 fermions are
in the (3, 2) or in the (3¯, 2) representation of the bosonic subgroup.
In addition, we have to recall SL(2,R) ≃ AdS3, which can be seen by parameterizing
a group element of SL(2,R) as follows
g =
(
X−1 +X1 X0 −X2
−X0 −X2 X−1 −X1
)
(7.3)
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with the condition det g = X2−1 − X
2
1 + X
2
0 − X
2
2 = 1 which shows that the SL(2,R)
group manifold is a 3-dimensional hyperboloid. The metric on AdS3 is given by ds
2 =
−dX2−1 + dX
2
1 − dX
2
0 + dX
2
2 , which is the invariant metric on the group manifold. Then,
we have that these boundary conditions imply a boundary theory of the type N = 6
super-YM/Chern-Simons on AdS3 space.
There is another possibility which is given by the following boundary conditions
ΘαI = δαα˙ δ
I
J Θ¯
α˙J , Θ¯α˙I = δ
α˙
α δ
J
I Θ
α
J , (7.4)
In this case the supergroup Osp(6|4) is broken to Osp(6|2) × SO(2). Notice that using
the delta δJI in place of J
J
I we do not break the SO(6). In addition, the subgroup Sp(4)
is broken to Sp(2) × SO(2). Now, using the isomorphism SU(4) ≃ SO(6), we can see the
coset SO(6)× SO(2)/SU(3)×U(1) ≃ S7/Zp where p defines how the U(1) is embedded in
the groups of the numerator. This observation would help us to lift the D-branes solution
to KK monopoles of M-theory. The fermions are halved by the boundary conditions. So,
the boundary open topological model can be described as the Grassmannian
Osp(6|2) × SO(2)
U(4)× Sp(2)
. (7.5)
This solution deserves more attention and the study will be postponed in future publica-
tions.
8. Further directions
There are several open questions to answer in the framework of gauge/string correspondence
and in particular for this peculiar case given by AdS4 × CP
3. Here we list some of them
and we hope to report on them in the near future.
To complete the program presented here, one needs to explore the cohomology of the
BRST operator in order to check if the bulk and and the boundary theory describe at least
at the linearized level the supergravity states we expect. In addition, using the analysis
performed in [25], it should be possible to devise a way to define a pure spinor measure
for tree level and higher loop computations. Once this has been established, one of the
problems is to prescribe quantum amplitudes for the pure spinor superstring which could
be compared with super Chern-Simons amplitudes. It would be interesting to single out a
subclass of BPS protected amplitudes whose string counterpart is therefore calculable via
the point particle limit and first quantized Chern-Simons theory.
Having noticed that the vacuum of the target space theory has a Coulomb branch
and the relation with the supersphere S(5|4), one is tempted to put the gauge amplitude in
relation with a topological/twistor string theory on that superspace similarly to [26].
Regarding the boundary field theory, we recall that, using the oscillator technique,
the UIR of Osp(6|4) are decomposed into representations of its maximal subgroup
SU(3|1, 1) [27]. The singleton is generated out of the vacuum |0〉 and its superpart-
ner KIα|0〉 where KIα is a fermionic oscillator in the fundamental representation of
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SU(3) × SU(2). The quantum numbers of the vacuum are
|0〉 = |j0 = 0 , Q2 = 1 , 1 , Q3 = −2〉 , (8.1)
Kiα|0〉 = |j0 = 1/2 , Q2 = 2 , 3 , Q3 = −1〉 ,
where its energy is given by E0 = Q2/2. These are the only two states annihilated by the
annihilation operators of the subgroup SU(3|1, 1). Acting repeatedly with a single-oscillator
creation operator (αI) of U(3) denoted by L+ = α[IαJ ] we get the states
|0〉 , L+|0〉 −→ 1(−2)⊕ 3∗(0) (8.2)
Kiα|0〉 , L+Kiα|0〉 −→ 3(−1)⊕ 1(+1)
The first set is a scalar multiplet that can be recast into a spinorial representation of
SO(6), namely the fundamental rep 4 of SU(4). The second set of states forms a multiplet
of spin 1/2 fermions in the 4∗ rep of SU(4). The number of fields coincides exactly with the
content of D2 brane counting. So, it would be interesting to study the relation between
the supersingleton representation and the dual theory [28].
Of course the relation with M-theory and the membrane theory should be explored
also in the pure spinor context.
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